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Abstract
This note is a continuation of our earlier articles arXiv:1612.08897
and arXiv:1709.09030, where using the dependent coordinates the lo-
cal Lagrange – Poincare´ equations were obtained for a mechanical
system with symmetry describing the motion of two interacting scalar
particles on a special Riemannian manifold (the product of the to-
tal space of the principal fiber bundle and vector space), on which a
free proper and isometric action of a compact semisimple Lie group is
given. Assuming the existence of the parametric representations for
local sections in the principal bundle, we make the transition to inde-
pendent coordinates in the obtained Lagrange- Poincare´ equations.
In our previous papers [1] and [2], we studied a mechanical system with
symmetry describing the motion of two interacting scalar particles on a spe-
cial Riemannian manifold: the product of the total space of the principal
fiber bundle P(M,G) and the vector space V . In addition, a free proper
and isometric action of a compact semisimple Lie group on this manifold was
also given. From the general theory it follows that the configuration space of
our system can be considered as the total space of the principal fiber bundle
1
pi′ : P×V → P×GV . Applying the Poincare´ variation principle to the system
under consideration, we obtained the local Lagrange-Poincare´ equations:
NAB
dωB
dt
+NAR
HΓ˜R
B˜M˜
ωB˜ωM˜+GEFNAEN
R˜
F
[
F
α
Q˜R˜
ωQ˜pα+
1
2
(DR˜d
κσ)pκpσ+V,R˜
]
= 0,
(1)
N rB
dωB
dt
+
dωr
dt
+N r
R˜
HΓ˜R˜
A˜B˜
ωA˜ωB˜ +GEFN rFN
R˜
E
[
F
α
Q˜R˜
ωQ˜pα +
1
2
(DR˜d
κσ)pκpσ + V,R˜
]
+Grm
[
F
α
Q˜m
ωQ˜pα +
1
2
(Dmd
κσ)pκpσ + V,m
]
= 0. (2)
dpβ
dt
+ cνµβd
µσpσpν − c
ν
σβA
σ
E˜
ωE˜pν = 0. (3)
These equations were written in terms of dependent coordinates, which are
typically used to describe dynamics in gauge theories. In our case, the de-
pendent coordinates were implicitly determined by means of equations rep-
resenting the local sections of the principal fiber bundle P(M,G).
In this note it will be shown how the Lagrange – Poincare´ equations
(1), (2) and (3) are transformed into equations obtained under the assump-
tion that for a local surface Σ, which is a section in the principal bundle of
P(M,G), we know the parametric representation.1
The use of such a surface makes it possible to describe the evolution on the
base spaceM of P(M,G) in terms of internal (invariant) coordinates. These
coordinates are determined by means of the invariant coordinate functions
xi(Q) given by the equations
Q∗A(x) = FA(Q, a−1(Q)).
Also note, that on the local submanifold Σ, the coordinates xi satisfy the
equations χα(Q∗(x)) = 0.
In our case, the local section Σ of P(M,G) is used to determine the local
section Σ˜ in the principal fiber bundle pi′ : P × V → P ×G V . And the local
surface Σ˜, in turn, is necessary for the introduction of coordinates on the
bundle pi′. That is, now, when we are given a parametric representation of
Σ, we can introduce local coordinates (xi, f˜ b, aα) instead of the coordinates
(Q∗A, f˜ b, aα).
The transition to the new coordinates in the equations (1), (2) and (3)
is achieved by replacing the dependent coordinates Q∗A with the functions
Q∗A(x) in all terms of these equations.
1In physics, the case of the parametric representation of such a local surface in the
corresponding principal fiber bundle is known as the case of gauges that can be resolved
(the case of “resolved gauges”).
2
First we consider the horizontal equation (1).
As a result of the above replacement, the kinetic term NAB
dωB
dt
of the
this equation becomes Q∗Ai x¨
i + NAB Q
∗A
ij x˙
ix˙j . This is due to the fact that
ωB = dQ
∗B
dt
, where now Q∗B(t) ≡ Q∗B(x(t)), and also because of the equality
NABQ
∗B
i = Q
∗A
i . The latter follows from the representation
NAB (Q
∗(x)) = GHBR(Q
∗(x))Q∗Rmh
mnQ∗An ,
where GHBR = GBR−GBLK
L
αγ
αβKSβGSR and h
mn is the inverse matrix to the
matrix representing the metric hij = Q
∗A
i G
H
ABQ
∗A
j on the base space M of
the principal fiber bundle P(M,G).
Next, we transform those terms of the horizontal equation (1) that depend
on the Christoffel symbols:
NAR
HΓ˜R
B˜M˜
ωB˜ωM˜ ≡ NAR
HΓ˜RBMω
BωM + 2NAR
HΓ˜RqBω
qωB +NAR
HΓ˜Rabω
aωb. (4)
(In our notation, the index formed by a capital letter with a tilde, for example,
B˜, means that B˜ = (B, b), so we have a summation over two indices.)
We must express the Christoffel symbols HΓ˜R
B˜M˜
(Q∗(x)) through the Christof-
fel symbols determined for the Riemannian metric on the base space of the
principal fiber bundle pi′ : P × V → P ×G V . In local coordinates (x
i, f˜a),
this metric is represented by the following matrix:(
h˜ij G˜
H
iaQ
∗A
i
G˜HBbQ
∗B
j G˜
H
ba
)
, (5)
where h˜ij = Q
∗A
i G˜
H
ABQ
∗B
j .
We recall that, in our notation, the tilde sign in G˜HAB, G˜
H
ia,
HΓ˜ means that
the corresponiding quantities are determined using the metric dαβ = γαβ+γ
′
αβ
on the orbits of the bundle pi′.
The Christoffel symbols HΓ˜ijk for the metric (5) are calculated using the
following formula:
HΓ˜ijk = h˜
il HΓ˜jkl + h˜
ia HΓ˜jka, (6)
where h˜il and h˜ia are the components of the matrix which is inverse to the
matrix (5): (
h˜ji h˜jb
h˜ci h˜cb
)(
h˜in h˜ia
h˜bn h˜ba
)
=
(
δjn 0
0 δca
)
.
The components of the inverse matrix are given by
h˜ji = GEFNSEN
D
F T
j
ST
i
D
h˜jb = GEFN bFN
P
E T
j
P
h˜cb = Gcb +GEFN cEN
b
F .
3
In these formulae by T iA we denote the projection operator defined as
T iA = (P⊥)
D
A(Q
∗(x))GHDL(Q
∗(x))Q∗Lm(x)h
mi(x).
It has the following important properties: T iAQ
∗A
k = δ
i
k and Q
∗A
i T
i
B = (P⊥)
A
B.
In addition, the operator T iA is used to replace the partial derivative with
respect to the dependent variable Q∗A: ∂
∂Q∗A
= T iA
∂
∂xi
.
Christoffel symbols HΓ˜ijk and
HΓ˜ija with standard definition, such as
HΓ˜ijk =
1
2
(h˜ik,j + h˜jk,i − h˜ij,k), lead to the following equalities:
HΓ˜ijk =
HΓ˜ABCQ
∗A
i Q
∗B
j Q
∗C
k + G˜
H
ABQ
∗A
ijQ
∗B
k (7)
HΓ˜ija =
HΓ˜ABaQ
∗A
i Q
∗B
j + G˜
H
AaQ
∗A
ij . (8)
Since HΓ˜ABC = G˜
H
R˜C
HΓ˜R˜AB and
HΓ˜ABa = G˜
H
R˜a
HΓ˜R˜AB, the previous equalities
can be rewritten as
HΓ˜ijk = G˜
H
R˜C
HΓ˜R˜ABQ
∗A
i Q
∗B
j Q
∗C
k + G˜
H
ABQ
∗A
ijQ
∗B
k ,
HΓ˜ija = G˜
H
R˜a
HΓ˜R˜ABQ
∗A
i Q
∗B
j + G˜
H
AaQ
∗A
ij.
The obtained expressions for Christoffel symbols are used in the formula (6).
It follows that the first term on the right-hand side of Eqs.(6),
GEFNSEN
D
F T
i
ST
l
D
(
G˜H
R˜C
HΓ˜R˜ABQ
∗A
j Q
∗B
k Q
∗C
l + G˜
H
ABQ
∗A
jkQ
∗B
l
)
,
can be rewritten as
GEFNSEN
C
F T
i
S G˜
H
R˜C
HΓ˜R˜ABQ
∗A
j Q
∗B
k +G
EFNSEN
B
F T
i
S G˜
H
ABQ
∗A
jk.
To get this, we used the following properties: T lDQ
∗C
l = (P⊥)
C
D andN
D
F (P⊥)
C
D =
NCF .
The second term on the right-hand side of Eqs.(6) is equal to
GEFNSEN
a
FT
i
S G˜
H
R˜a
HΓ˜R˜ABQ
∗A
j Q
∗B
k +G
EFNSEN
a
FT
i
S G˜
H
AaQ
∗A
jk.
Therefore, the expression on the right side of Eqs.(6) can be rewritten as
GEFNSEN
C
F T
i
S
(
NCF G˜
H
R˜C
+NaF G˜
H
R˜a
)
HΓ˜R˜ABQ
∗A
j Q
∗B
k
+GEFNSET
i
S
(
NBF G˜
H
AB +N
a
F G˜
H
Aa
)
Q∗Ajk.
The expression in the first bracket is equal to G˜H
FR˜
(with R˜ = (R, r)). But
GEF G˜HFR = Π˜
E
R and N
S
EΠ˜
E
R = N
S
R, while G
EF G˜HFr = Π˜
E
r and N
S
EΠ˜
E
r = 0.
4
The expression in the second bracket is equal to G˜HFA. Now the same
arguments lead to the multiplier NSA , which stands before Q
∗A
jk.
So, we get
HΓ˜ijk = T
i
SN
S
R
(
HΓ˜R˜ABQ
∗A
j Q
∗B
k +Q
∗R
jk
)
.
Multiplying both part of this equality by Q∗Di we come to
Q∗Di
HΓ˜ijk = N
D
R
(
HΓ˜R˜ABQ
∗A
j Q
∗B
k +Q
∗R
jk
)
.
It follows that the first term with the Christoffel symbol on the right of
Eqs.(4), together with the kinetic term, is transformed into
Q∗Ai
(
x¨i + HΓ˜ijkx˙
j x˙k
)
.
The second term NAR
HΓ˜RaBω
aωB on the right of Eqs.(4) is related to
HΓ˜iaj
˙˜
f
a
x˙j , where the Christoffel symbol HΓ˜iaj for the metric (5) is defined
by
HΓ˜iaj = h˜
ik HΓ˜ajk + h˜
ib HΓ˜ajb . (9)
This can be shown as follows.
Calculating HΓ˜ajk =
1
2
(h˜ak,j + h˜jk,a − h˜aj,k), we get
HΓ˜ajk =
HΓ˜aBAQ
∗B
j Q
∗A
k .
Similarly, for HΓ˜ajb we obtain
HΓ˜ajb =
HΓ˜aDbQ
∗D
j .
By definition,
HΓ˜aBA = G˜
H
R˜A
HΓ˜R˜aB and
HΓ˜aDb = G˜
H
R˜b
HΓ˜R˜aD.
Using these expressions in (9), together with the explicit representations of
h˜ik and h˜ib, we get
HΓ˜iaj = G
EFNSET
i
S
(
NAF G˜
H
R˜A
+N bF G˜
H
R˜b
)
HΓ˜R˜aBQ
∗B
j .
It is not difficult to see that NAF G˜
H
R˜A
+N bF G˜
H
R˜b
= G˜H
R˜F
, so we can do the same
transformations as in our previous calculation. As a result, we obtain:
HΓ˜iaj = T
i
SN
S
R
HΓ˜RaBQ
∗B
j .
5
Multiplying the obtained equality by Q∗Ai , we get
Q∗Ai
HΓ˜iaj = N
A
R
HΓ˜RaBQ
∗B
j .
Thus, the second term on the right of Eqs.(4) is transformed as follows:
NAR
HΓ˜RaBω
aωB = Q∗Ai
HΓ˜iaj
˙˜
f
a
x˙j .
The third term NAR
HΓ˜Rabω
aωb on the right of Eqs.(4) can be transformed
in a similar way. Here we have
HΓ˜iab = h˜
ik HΓ˜abk + h˜
ic HΓ˜abc,
HΓ˜abT˜ = G˜
H
R˜T˜
HΓ˜R˜ab. And we get
NAR
HΓ˜Rabω
aωb = Q∗Ai
HΓ˜iab
˙˜
f
a ˙˜
f
b
.
Next we consider the transformation of F -terms of the horizontal equa-
tion (1). These terms are given by
GEFNAE (N
R
F F
α
B˜R
pα +N
r
FF
α
B˜r
)ωB˜pα =
GEFNAE (N
R
F F
α
BR +N
r
FF
α
Br)ω
Bpα +G
EFNAE (N
R
F F
α
bR +N
r
FF
α
br)ω
bpα,
where F αBR is defined as
F
α
BR =
∂
∂Q∗B
A
α
R −
∂
∂Q∗R
A
α
B + c
α
νσ A
ν
B A
σ
R .
First we will study the transformation of the following expression F αBRQ
∗B
k Q
∗R
l ,
in which one of the multiplier, Q∗Bk , occurs due to ω
B = Q∗Bk x˙
k.
Since ∂
∂Q∗B
= T jB
∂
∂xj
, the first term in F αBRQ
∗B
k Q
∗R
l can be rewritten as
follows:
( ∂
∂Q∗B
A
α
R
)
Q∗Bk Q
∗R
l = T
j
B
( ∂
∂xj
A
α
R
)
Q∗Bk Q
∗R
l =
∂
∂xk
(
A
α
RQ
∗R
l
)
−A
α
RQ
∗R
lk ≡
∂
∂xk
A
α
l −A
α
RQ
∗R
lk .
A similar representation can also be obtained for the second term in F αBRQ
∗B
k Q
∗R
l .
The sum of the first and second terms together with the third term leads to
the following equality:
F
α
BRQ
∗B
k Q
∗R
l = F
α
kl.
6
Using this equality, it can be shown that
Q∗Lm h˜
ml
F
α
kl = G
EFNLEN
R
F F
α
BRQ
∗B
k .
In the second F -term of the horizontal equation (1), we first need to
transform the expression F αBrQ
∗B
k , in which
F
α
Br =
∂
∂Q∗B
A
α
r −
∂
∂f˜ r
A
α
B + c
α
νσ A
ν
B A
σ
r ,
and A αr = d
αµKpµGpr with d
αµ = dαµ(Q∗, f˜). Then, acting in the same way
as above, we get that
F
α
BrQ
∗B
k = F
α
kr.
It can be verified that in this case the following relationship is obtained:
GEFNAEN
a
FF
α
BaQ
∗B
k = Q
∗A
m h˜
ma
F
α
ka.
For the third F -term, which is given by GEFNAEN
R
F F
α
bRω
b,
F
α
bR =
∂
∂f˜ b
A
α
R −
∂
∂Q∗R
A
α
b + c
α
νσ A
ν
b A
σ
R ≡ T
i
RF
α
bi ,
one can obtain the following relation:
GEFNAEN
R
F F
α
bRω
b = Q∗Am h˜
mi
F
α
bi
˙˜
f b.
And for the last F -term in (1), we get the following:
GEFNAEN
a
FF
α
baω
b = Q∗Am h˜
ma
F
α
ba
˙˜
f b.
In the first horizontal equation, the terms with covariant derivatives are
given by two expressions:
GEFNAEN
R˜
F (DR˜d
κσ)pκpσ =
(
GEFNAEN
R
F DRd
κσ +GEFNAEN
a
FDad
κσ
)
pκpσ,
where
DRd
κσ =
∂
∂Q∗R
dκσ + cκµνA
µ
R d
νσ + cσµνA
µ
R d
νκ
and
Dad
κσ =
∂
∂f˜a
dκσ + cκµνA
µ
a d
νσ + cσµνA
µ
a d
νκ.
7
Replacing the dependent coordinates Q∗A with the functions Q∗A(x) and
using the properties of the projectors NAB , (P⊥)
A
B and T
i
D when transforming
Q∗A to xi, allows us to represent terms with covariant derivatives as follows:
GEFNAEN
R˜
F (DR˜d
κσ)pκpσ = Q
∗A
m (h˜
mi
Did
κσ + h˜maDad
κσ)pκpσ.
A similar approach also leads us to the representation of a potential term
in the first horizontal equation:
GEFNAEN
R˜
F V,R˜ = Q
∗A
m
(
h˜mi
∂
∂xi
V + h˜ma
∂
∂f˜a
V
)
.
Thus, as a result of all these transformations performed in equation (1),
we get the following equation:
Q∗Ai
(
x¨i + HΓ˜ijkx˙
j x˙k + 2 HΓ˜iaj
˙˜
f
a
x˙j + HΓ˜iab
˙˜
f
a ˙˜
f
b
+(h˜ilF αkl + h˜
ia
F
α
ka)x˙
kpα + (h˜
in
F
α
bn + h˜
ia
F
α
ba)
˙˜
f bpα
+
1
2
(h˜inDnd
κσ + h˜iaDad
κσ)pκpσ +
(
h˜in
∂
∂xn
V + h˜ia
∂
∂f˜a
V
))
= 0. (10)
Now consider the transformation of the second horizontal equation (2).
The kinetic term of this equation is N bB
dωB
dt
+ dω
b
dr
, where ωB ≡ dQ
∗B(x(t))
dt
≡
Q∗Bi x˙
i and ωb =
˙˜
f b. Since
d
dt
(
Q∗Bi x˙
i
)
= Q∗Bi x¨
i +Q∗Bij x˙
ix˙j
and N bBQ
∗B
i = 0, we get N
b
B Q
∗B
ij x˙
ix˙j +
¨˜
f b.
The terms of (2) with the Christoffel symbols are given by
N b
R˜
(
HΓ˜R˜ABQ
∗A
i Q
∗B
j x˙
ix˙j + 2 HΓ˜R˜AaQ
∗A
i x˙
i ˙˜fa + HΓ˜R˜ac
˙˜
fa
˙˜
f c
)
. (11)
First we will deal with the transformation of the (x˙ix˙j)-term. It is natural
to assume that
N b
R˜
HΓ˜R˜ABQ
∗A
i Q
∗B
j ≡ N
b
R
HΓ˜RABQ
∗A
i Q
∗B
j +N
b
c
HΓ˜cABQ
∗A
i Q
∗B
j
can be expressed through HΓ˜bij. This can be verified as follows.
By definition,
HΓ˜bij = h˜
bk HΓ˜ijk + h˜
ba HΓ˜ija,
8
with h˜bk = GEFN bFN
P
E T
k
P and h˜
ba = Gba +GEFN bFN
a
E. Using (7) and (8) for
HΓ˜ijk and
HΓ˜ija, we get
HΓ˜bij = G
EFN bFN
P
E T
k
P
(
G˜H
R˜C
HΓ˜R˜ABQ
∗A
i Q
∗B
j Q
∗C
k + G˜
H
ABQ
∗A
ij Q
∗B
k
)
+
(
Gba +GEFN bFN
a
E
)(
G˜H
R˜a
HΓ˜R˜ABQ
∗A
i Q
∗B
j Q
∗C
k + G˜
H
AaQ
∗A
ij
)
.
Because of T kPQ
∗C
k = (P⊥)
C
P and N
P
E (P⊥)
C
P = N
C
E , the right-hand side of the
above equation is rewritten as
GEFN bFN
C
E G˜
H
R˜C
HΓ˜R˜ABQ
∗A
i Q
∗B
j +G
EFN bFN
B
E G˜
H
ABQ
∗A
ij
+
(
Gba +GEFN bFN
a
E
)(
G˜H
R˜a
HΓ˜R˜ABQ
∗A
i Q
∗B
j Q
∗C
k + G˜
H
AaQ
∗A
ij
)
.
Consider the terms of the previous expression that depend on Γ˜R˜AB. That is,
the following terms:
GEFN bF
(
NCE G˜
H
R˜C
+NaEG˜
H
R˜a
)
Γ˜R˜ABQ
∗A
i Q
∗B
j +G
baG˜H
R˜a
Γ˜R˜ABQ
∗A
i Q
∗B
j .
It can be shown that the expression in brackets is equal to G˜H
ER˜
. In addition,
we have two identities by which GEF G˜H
ER˜
= Π˜F
R˜
and GbaG˜H
R˜a
= Π˜b
R˜
. Further-
more, our projectors satisfy the property N bF Π˜
F
R˜
+ Π˜b
R˜
= N b
R˜
. Taking into
account all these facts, we obtain that the terms with Γ˜R˜AB are rewritten as
N b
R˜
Γ˜R˜ABQ
∗A
i Q
∗B
j .
The terms with Q∗Aij in the above representation for
HΓ˜bij can be treated
in a similar way. As a result, we come to
HΓ˜bij = N
b
R˜
Γ˜R˜ABQ
∗A
i Q
∗B
j +N
b
AQ
∗A
ij .
Notice that after substituting this expression into the second horizontal
equation (2), the “Q∗Aij -term” will be mutually canceled by a similar term
resulting from the transformation of the kinetic term of the equation.
The second term in (11), N b
R˜
HΓ˜R˜AaQ
∗A
i x˙
i ˙˜fa, is related to HΓ˜bia. This can
be shown by using the following representation:
HΓ˜bia = h˜
bjHΓ˜iaj + h˜
bcHΓ˜iac,
where HΓ˜iaj =
HΓ˜AaBQ
∗A
i Q
∗B
j and
HΓ˜iac =
HΓ˜AacQ
∗A
i . Note that now, by
definition, we have HΓ˜AaB = G˜
H
R˜B
HΓ˜R˜Aa and
HΓ˜Aac = G˜
H
R˜c
HΓ˜R˜Aa.
9
Performing the same transformation as in the previous case, we get
HΓ˜bia =
(
N bR
HΓ˜RAa +
HΓ˜bAa
)
Q∗Ai ≡ N
b
R˜
HΓ˜R˜AaQ
∗A
i .
So, the second term in (11) is equal to 2 HΓ˜biax˙
i ˙˜fa.
The last term in (11), N b
R˜
HΓ˜R˜ac
˙˜
fa
˙˜
f c, is transformed into HΓ˜bac
˙˜
fa
˙˜
f c. To
show this one must use the representation
HΓ˜bac = h˜
bi HΓ˜aci + h˜
bd HΓ˜acd,
where HΓ˜aci =
HΓ˜acAQ
∗A
i ,
HΓ˜acA = G˜
H
R˜A
HΓ˜R˜ac and
HΓ˜acd = G
H
R˜d
HΓ˜R˜ac.
Note also that the expressions arising in the process of transformation
have been simplified using the identity NaF Π˜
F
R˜
+ Π˜a
R˜
= Na
R˜
.
F -terms of the second horizontal equation (2) are given by
(GEFN bFN
R˜
EF
α
B˜R˜
+GbaF α
B˜a
)ωB˜pα.
They can be rewritten as follows:
[
GEFN bFN
R
EF
α
BRQ
∗B
i x˙
i +GEFN bFN
R
EF
α
dR
˙˜
f d
+(Gba +GEFN bfN
a
E)F
α
BaQ
∗B
i x˙
i + (Gba +GEFN bfN
a
E)F
α
da
˙˜
f d
]
pα.
Since GEFN bFN
R
E = h˜
jbQ∗Rj and Q
∗R
j F
α
BRQ
∗B
i = F
α
ij , the first term in the
above expression is equal to h˜jbF αij x˙
ipα. The second term will be equal to
h˜jbF αdj
˙˜
f dpα due to F
α
dR = T
k
RF
α
dk and Q
∗R
j T
k
R = δ
k
j . The third term of the
considered expression is rewritten as h˜baF αiax˙
ipα. And the last term is equal
to h˜baF αda
˙˜
f dpα.
The terms with the covariant derivatives and the potential terms of the
second horizontal equation (2) are transformed in the same way as the cor-
responding terms of the first horizontal equation.
So, we get the following representation of the equation (2) in variables
(xi, f˜ d, pα):
¨˜
f b + HΓ˜bij x˙
ix˙j + 2HΓ˜biax˙
i ˙˜fa + HΓ˜bac
˙˜
fa
˙˜
f c
+(h˜jbF αij + h˜
ba
F
α
ia)x˙
ipα + (h˜
jb
F
α
dj + h˜
ba
F
α
da)
˙˜
f dpα
+
1
2
(h˜ibDid
κσ + h˜baDad
κσ)pκpσ +
(
h˜ib
∂
∂xi
V + h˜ba
∂
∂f˜a
V
)
= 0. (12)
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The vertical Lagrange-Poincare´ equation is
dpβ
dt
+ cνµβd
µσpσpν − c
ν
σβ(A
σ
i x˙
i + A σa
˙˜
fa)pν = 0. (13)
These equations, together with the horizontal equation (10), are the trans-
formed Lagrange – Poincare´ equations.
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